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Abstract 



In this paper, we study the asymptotic behavior as xi — >■ +cxd of solutions of 
semilinear elliptic equations in quarter- or half-spaces, for which the value at xi = 
is given. We prove the uniqueness and characterize the one-dimensional or constant 
pg I profile of the solutions at infinity. To do so, we use two different approaches. The first 

0^ ■ one is a pure PDE approach and it is based on the maximum principle, the sliding 

method and some new Liouville type results for elliptic equations in the half-space or 



t^ I in the whole space M^. The second one is based on the theory of dynamical systems. 

o 

1 Introduction 

Let n be the domain of M^ {N > 2) defined by 
n = (0, +oo) X M^-2 X (Q^ _^^) 

= {x = {xi, x', Xn) G M^ I Xi > 0, x' = (x2, . . . , x^^i) E R^"^, Xn > O}. 

This paper is devoted to the study of the large space behavior, that is as Xi — )■ +oo, of the 
nonnegative bounded classical solutions u of the equation 

Au + f{u) = in n, 

u{xi,x',0) = for all xi > and x' e M^-^ (1.1) 

M(0,x',XAr) = Uo{x',Xn) for all x' G M^^^ and Xat > 0, 

*The second author is indebted to the Alexander von Humboldt Foundation for its support. He is also 
supported by the ANR project PREFERED. 



where the function 

Mo : K^"^ X (0, +00) ^ K+ = [0, +00) 

is given, continuous and bounded. The solutions u are understood to be bounded, of 
class C^(r2) and to be continuous on fi \ ({0} x M^~^ x {0}). From standard elliptic 
estimates, they are then automatically of class C^ {[€,+00) x M^~^ x M_,_) for all e > 
and (3 e [0, 1). Here and below, for any closed set F C M.^ and /3 G [0, 1), we write 

C'/iF) :={u:F^R\ \\u\\^.,,,^, = sup h|L,,,/,,^^,^ < ooj, (1.2) 



where B{x,l) means the open euclidean ball of radius 1 centered at x. Problems sets in 
the half-space 



n' = (0,+cx)) 



X 



dA^-I 



will also be considered in this paper, see (11. lip below. 

The value of m at xi = is then given and the goal is to describe the limiting profiles 
of M as Xi — )• +00. If the equation were parabolic in the variable Xi, we would then be 
reduced to characterize the w-limit set of the initial condition uq. However, problem (II. ip 
is an elliptic equation in all variables, including xi, and the "Cauchy" problem (II. ip with 
the "initial value" uo at xi = is ill-posed. There might indeed be several solutions u with 
the same value mq at xi = 0. Nevertheless, under some assumptions on the nonlinearity /, 
we will see that the behavior as xi — )■ -|-oo of any solution u of (II. ip or of similar problems 
in the half-space Q' = (0, +00) x M^~^ is well-defined and unique (roughly speaking, no 
oscillation occur). In some cases, we will prove that all solutions u converge as Xi — t- +00 
to the same limiting one- dimensional profile, irrespectively of uq- To do so, we will use 
two different approaches. The first one is a pure PDE approach based on comparisons 
with suitable sub-solutions and on Liouville type results. This paper indeed contains new 
Liouville type results of independent interest for the solutions of some elliptic equations 
in half-spaces M^^^ x (0, +00) with homogeneous Dirichlet boundary conditions, or in the 
whole space M^ (see Section [2] for more details). The second approach is a dynamical 
systems' approach which says that xi can all the same be viewed as a time variable for a 
suitably defined dynamical system whose global attractor can be proved to exist and can 
be characterized. 

Let us now describe more precisely the types of assumptions we make on the functions /, 
which are always assumed to be locally Lipschitz-continuous from M_|_ to M. The first class 
of functions we consider corresponds to functions / such that 

3;U>0, />Oon(0,/i), / < on [/i, -hoo), 
30 < fi' < fi, /is nonincreasing on [/i', fi], 



either 



f(s) 
/(O) > or /(O) = and liminf ^^-^^ > 

s-i.O+ S 



1.3) 



Under assumption ( 11. 3p on /, it is immediate to see that there exists a unique solution 
V G C^(M+) of the one- dimensional equation 

V'iO + fiViO) = for all e > 0, 

V{0) = < 1/(0 <f^ = l^(+oo) for all e > 0. ^ ' ^ 



Furthermore, V'{C,) > for all ^ > 0. 

Under assumption f ll.3p . the behavior of the nontrivial solutions u of f ll.ip as Xi — )■ +00 
is uniquely determined, as the following theorem shows. 

Theorem 1.1 Let N be any integer such that N > 2 and assume that f satisfies i \1.3^ . 
Let u he any nonnegative and bounded solution of {\l.l\i . where Uq : M^"^ x (0, +00) — ?■ M+ 
is any continuous and hounded function such that Uq ^ in ]R^~^ x (0, +00). Then 

liminf inf u > /j, (1-5) 

R-s>+oo (i?,,+oo)xR^-2x(_R,,+oo) 

and 

u{xi + h,x',XN) ^V{xn) as h^ +00 in C^''^ {[A, +00) xR^~^ x[0,B]) (1.6) 

for all A ^M., B > and f3 G [0, 1), where V G C^(M+) is the unique solution of i \1.4\ )- 



Notice that property (11. 5p means that the non-trivial nonnegative solutions u of (II. ip 
are separated from 0, irrespectively of Uq, far away from the boundary dQ. If Uq < fi, then 
since / < on [/i, +00) and -u = /i on dQ^ , where Q^ = fi fl {m > /x}, it follows that 
from the maximum principle applied in Q'^ (see [5], since R^\r2+ contains the closure of 
an infinite open connected cone), that actually u < fi in Q~^ whence Q~^ = and u < fi 
in Q. In this case, it also follows from Theorem 11.11 and standard elliptic estimates that 
the convergence (II. 6p holds not only locally in xn, but in C^ ([A, +00) x M^~^ x ]R_|_) for 
all ^ G M and /3 G [0, 1). However, without the assumption uq < fi, it is not clear that this 
last convergence property holds globally with respect to x^ in general. 

The second class of functions / we consider corresponds to the following assumption: 

/ > on M+, 

fis) (1-7) 

WzeE, liminf ^^-^^ > 0, 

s^z+ S — Z 

where 

E={ze M+; f{z) = 0} (1.8) 

denotes the set of zeroes of /. A typical example of such a function / is f{s) = \ sins| for 
all s > 0, with E = vrN. More generally speaking, under the assumption (11.71) . it follows 
immediately that the set E is at most countable. Furthermore, it is easy to check that, 
for each z G -EyjO}, there exists a unique solution Vz G C^(M+) of the one-dimensional 
equation 

' v;"(0 + /(v;(0) = oforaiu>o, 
v;(o) = < v;(0 <z = i4(+oo) for aiu > 0. ^ ■ ^ 

Furthermore, V^'(0 > ^^^ ^^^ ^ ^ 0. 

The following theorem states any solution of (II. ip is asymptotically one-dimensional 

as Xi —7- +00. 



Theorem 1.2 Let N be any integer such that N > 2 and assume that f satisfies ( |i.7 ). 



Let u he any nonnegative and hounded solution of fIJ. jp . where Uq : M^^^ x (0, +oo) — )■ 
is any continuous and hounded function such that Uq ^ in R^^^ x (0, +oo). Then there 
exists R> such that 

inf u > 

(R,+oo) xR'V-2 X (i?.,+oo) 

and there exists z G -EyjO} such that 

u{xi + h,x',XN) ^V,{xn) as h^+oo in C^'^ {[A, +oo) xR^-'^ xR+) (1.10) 

for all A E R and 13 G [0, 1), where V^ G C^(]R_|_) is the unique solution of fl 1 . 9^ with the 
limit V^(+oo) = z. 

This resuh shows that any non-trivial bounded solution u of (11. ip converges to a single 
one-dimensional profile as xi — )■ +oo. More precisely, given u, the real number z defined 
by (ll.lOp is unique and, in the proof of Theorem 11.21 the explicit expression of z will be 
provided. Observe that the asymptotic profile may now depend on the solution u (unlike 
in Theorem 11.11) but Theorem 11.21 says that the oscillations in the Xi variable are excluded 
at infinity, for any solution u. 

The last two results are concerned with the analysis of the asymptotic behavior, as 
xi — )■ +00, of the nonnegative bounded classical solutions u of 



Au + f{u) = in fi' = (0, +CX)) X _ 



dTV-I 

:l.ll' 

u{0,X2,...,xn) = uo{x2,...,xn) for all (x2, . . . ,Xiv) G 



i^-\ 



in the half-space Q', where the function mq '■ R^^^ — )■ R+ is given, continuous and bounded. 
The solutions u of (II. lip are understood to be bounded, of class C^(fi') and to be con- 
tinuous on Q,'. They are then automatically of class Cf^ {[e,+oo) x M^^^) for all e > 
and P G [0, 1). Firstly, under the same assumptions (11.71) as in the previous theorem, the 
behavior as xi — > +oo of any non-trivial solution u of (II. lip is well-defined: 



Theorem 1.3 Let N be any integer such that N > 2 and assume that f satisfies ( |i.7p . 
Let u be any nonnegative and hounded solution of ( \L1 ip . where Uq : R^^'^ -^ R^ is any 
continuous and hounded function such that Uq ^ in R^^^. Then there exists z G -EyjO} 
such that 

u{xi + h,X2,...,XN) ^ z as h-^ +00 mC^''^ {[A, +oo)xR^~'^) (1.12) 

for all A eR and /3 e [0,1). 

Notice that the conclusion implies in particular that u is separated from far away 
from the boundary {0} x R^~^ of Q'. Furthermore, as in Theorem II. 2 1 the real number z 
in (11.121) is uniquely determined by u and its explicit value will be given during the proof. 
In Theorem ll.3| if instead of (11.70 the function / now satisfies assumption (II. 3p . then u may 
not converge in general to a constant as xi — > -|-oo. Furthermore, even if u does converge 
to a constant as Xi — )■ -|-oo, that constant may not be equal to the real number fi given 



in (11. 3p . For instance, if there exists p G (yU, +00) such that /(p) = 0, then the constant 
function u = p solves f 1 1.11) with uq = p. Therefore, under assumption fll.3p . the asymptotic 
profile of a solution u of problem fll.lll) in the half-space Q' depends on u and is even not 
clearly well-defined in general. The situation is thus very different from Theorem II . II about 
the existence and uniqueness of the asymptotic behavior of the solutions of problem (11. ip 
in the quarter-space Q. 

However, under (II. 3p and an additional appropriate assumption on /, the following 
result holds: 

Theorem 1.4 Let N be any integer such that N > 2 and assume that, in addition 
to (I J ■ gp ■ / is such that 

f(s) 
liminf > for all z > p such that f{z) = 0. (1-13) 

s->-z- S — Z 

Let u he any nonnegative and hounded solution of (\1.11^ . where uq '■ M.^^^ — > M+ is any 
continuous and hounded function such that uq ^ in M.'^'^. Then there exists z > p such 
that f{z) = and 

u{xi + h,X2, ■ ■ ■ ^xn) — !■ z as h ^ +00 in C^ ([A, +00) x M^~"^) 

for all A eR and /3 e [0,1). 

Remark 1.5 It is worth noticing that all above results hold in any dimension N > 2. 

2 The PDE approach 

In this section, we use a pure PDE approach to prove the main results announced in 
Section [H In Section 12. H we deal with the case of problem (II. ip set in the quarter- 
space Q = (0, +00) X ]R^~^ X (0, +00), while Section I2l2] is concerned with problem (II. lip 
set in the half-space ^' = (0, +cx)) x M^^^ 

2.1 Problem ( fTTB in the quarter-space il = (0, +oo)xM^^x(0,+oo) 
Let us first begin with the 

Proof of Theorem II. li The proof is divided into two main steps: we first prove that u 
is bounded from below away from when xi and xjv are large, uniformly with respect 
to x' G M^^^. Then, we pass to the limit as Xi — ?■ +00 and use a classification result, 
which leads to the uniqueness and one-dimensional symmetry of the limiting profiles of u 
as xi — >■ -f-oo. 

First of all, observe that, since /(O) > 0, the strong maximum principle implies that the 
function u is either positive in Q, or identically equal to in Q. But since u is continuous 
up to {0} X M^^^ X (0, +00) and since uq ^ 0, it follows that -u > in i7. 



Step 1. In the sequel, for any x G M^ and i? > 0, denote B{x,R) the open euchdean 
ball of centre x and radius R. For each R > 0, let A/j be the principal eigenvalue of the 
Laplace operator in -8(0, R) with Dirichlet boundary condition on dB{0, R), and let ifR be 
the normalized principal eigenfunction, that is 



Alpr + \Ripn = 
\\^r\\l^{b(o,r)) = V'r(O) 



in 5(0, /2), 
mB{0,R), 

ondB{0,R). 



(2.14) 



Notice that A/j — )■ as i? — )■ +oo. If /(O) = 0, we can then choose R > large enough 

so that 

f(s) 

s^0+ S 

If /(O) > 0, we simply choose R = 1. Then, fix a point Xq € f2 in such a 
way that B{xo,R) C i7. Since u is continuous and positive on B{xo,R), there 



holds min-j 



u > 0. Therefore, it follows from the choice of R that there exists e > 



'■B{xo,R) 

small enough, such that the function 



U{x) = EipR^X -Xo) 



is a subsolution in B{xq, R), that is 



AM + /(n)>0 and m < m in B{xo,R)- 
Next, let Xq be any point in Q such that 



(2.15) 



that is Xo 



B{xo,R) cn, 

(xo,i5 5;o, xo,Af) with xo,i > R and xq^n > R- For all t G [0, 1], call 

yt = Xo + t (xq - Xq) 



and observe that B{yt, R) C il for all t G [0, 1). Define 

Uti^) = u{x -yt + xo) =€ ipR{x - yt) 



for all t G [0,1] and x G B{yt,R). By continuity and from (I2.15p . there holds Ut<u 
in B{yt,R) for t G [0,to]5 where to > is small enough. On the other hand, for all 
t G [0, 1], the function u^ is a subsolution of the equation satisfied by u, that is 



Aut + fiu,)>OmB{yt,R). 
We shall now use a sliding method (see [HI [H]) to conclude that 



u^ <u in B{yt, R) for all t G [0, 1). 



Indeed, if this were not true, there would then exist a real number t* G (0, 1) such that 
the inequality u^, < u holds in B{yt*,R) with equality at some point x* G B{yt*,R). 
Since B{yt*,R) C fl, u > in Q and u^, = on dB{yt*,R), one has x* G B{yt*,R). But 
since u^* is a subsolution of the equation satisfied by u, the strong maximum principle 
yields m^, = m in B{yt*,R) and also on the boundary by continuity, which is impossible. 
One has then reached a contradiction. Hence, u^ < u in B{yt,R) for all t G [0, 1). By 
continuity, one also gets that m^^ < m in B{yi, R). 

Eventually, for any xq = (xo,i,Xq,xo,n) with xo,i > R and xq^n > R, there holds 

u(xo) > Ui(xo) = SipR^O) = e. 

In other words, 

u>e in [R, +cx)) x M^-^ ^ [^^ j^^y (^2.16) 

Step 2. Let (xi,n)„gN be any sequence of positive numbers such that xi,„ — )■ +oo 
as n — )■ +00, and let (a;^)„GN be any sequence in M"^"^. From standard elliptic estimates, 
there exists a subsequence such that the functions 

Un{x) = U{xi + Xi^n, x' + x'^, Xn) 

converge in Ci^^{W^), for all /3 G [0, 1), to a bounded classical solution u^o of 



Auoo + /(uoo) = inM^ 
u^ = on ^^^ 



^+' 



(2.17) 

+ ' 

where M.^ = R^^^ x [0, +oo). Furthermore, Uoo > and Uoo ^ in M^ from Step 1, since 

Uoo>£>0 in R^-^ X [R, +oo) 

from f l2.16p . Thus, Mqo > in R^~^ x (0, +oo) from the strong maximum principle. 
It follows from Theorems 1.1 and 1.2 of Berestycki, Caffarelli and Nirenberg [5|j (see 
also m fin]) that Mqo is unique and has one- dimensional symmetry. By uniqueness of the 
problem 01. 4p . one gets that Uoo{x) = V{xn) for all x G M.^, and the limit does not depend 
on the sequences {xi^n)neN or (xJ^)„gN. Property (II. 6p of Theorem 11.11 then follows from 
the uniqueness of the limit. 

Step 3. Let us now prove formula (II. 5p . One already knows from (I2.16P that 

m := liminf inf u> e > 0. 

B.^+oo {R,+oo)xR'^-^x{R,+oo) 

Let {xn)nm = {xi,n, x'^, XN,n)neN be a sequence in fi such that (a;i_„, XN,n)nem -^ (+oo, +oo) 
and u{xn) — )■ m as n — )■ +oo. Up to extraction of a subsequence, the functions 

Vn{x) = U{x + Xn) 



^In [5], the function / was assumed to be globally Lipschitz-continuous. Here, / is just assumed to 
be locally Lipschitz-continuous. However, since u is bounded, it is always possible to find a Lipschitz- 
continuous function / : M+ — > M satisfying (|1.3p and such that / and / coincide on the range of u. 



converge in Cf^^{M^) to a classical bounded solution t>oo of 

Av^ + f{v^) = inR^ 

such that VoQ > m in M^ and Uoo(O) = m > 0. Thus, f{m) < 0, whence m > fi due 
to (11.31) . The proof of Theorem II. II is thereby complete. D 

The proof of Theorem 11.21 is based on two Liouville type results for the bounded non- 
negative solutions u of the elliptic equation 

Au + f{u) = 

in the whole space M^ or in the half-space R^~^ x ]R_,_ with Dirichlet boundary condition 
on R^-i X {0}. 

Theorem 2.1 Let N be any integer such that N > 1 and assume that the function f 
satisfies (|i.7p . Let u be a bounded nonnegative solution of 



Au + f{u) = inR^. (2.18) 

Then u is constant. 

The following result is concerned with the one- dimensional symmetry of nonnegative 
bounded solutions in a half-space with Dirichlet boundary conditions. 

Theorem 2.2 Let N be any integer such that N > 1 and assume that the function f 
satisfies (|i.7p . Let u be a bounded nonnegative solution of 




inM = M^-i X 



N _ TTjJV-l 



on dR^ = R^-^ X {0}. 



(2.19) 



Then u is a function of xn only. Furthermore, either u = in M^^^ x M_|_ or there 
exists z > such that f{z) = and u{x) = Vz{xn) for all x G M.'^^^ x IR+, where the 
function Vz satisfies equation i\1.9^ . 

These results are of independent interest and will be proved in Section [31 Notice that 
one of the main points is that they hold in any dimensions A^ > 1 without any other 
assumption on u than its boundedness. In low dimensions A^ < 4, and under the addi- 
tional assumption that u is stable, the conclusion of Theorem 12.11 holds for any nonnegative 
function / of class C^(]R+), see Dupaigne and Farina [12]. Consequently, because of the 
monotonicity result in the direction xn due to Berestycki, Caffarelli and Nirenberg [5] 
and Dancer [llj (since /(O) > 0), it follows that the conclusion of Theorem 12.21 holds 
for any nonnegative function / of class C^(M+), provided that A^ < 5, see Farina and 
Valdinoci [15]. However, observe that the nonnegativity and the C^ character of / are 
incompatible with (11.71) for any positive zero z oi f. Furthermore, assumption (I1.7P is cru- 
cially used in the proof of Theorem 12.11 and 12. 2[ It is actually not true that these theorems 

8 



stay valid in general when / is just assumed to be nonnegative and locally Lipschitz- 
continuous. For instance, non-constant solutions of f l2.18p . which are even stable, exist for 
power-like nonlinearities / in high dimensions (see [Hj and the references therein). 

With these results in hand, let us turn to the 

Proof of Theorem II. 2i Observe that, from (11.71) . either /(O) > 0, or /(O) = and 
lira ini s^Q+ f{s)/s > 0. Therefore, as in the proof of Theorem 11.11 there exist R > 
and e > such that 

u>e in [R, +cx)) x M^"^ x [R, +oo). (2.20) 

Set 

M = lim sup u. (2.21) 

Our goal is to prove that the conclusion of Theorem 11.21 holds with z = M. 

Since u is bounded and satisfies (I2.20p . M is such that e < M < -|-cxd. Furthermore, 
there exists a sequence {xn)nm = (a^i,n, a;^, XAr,„)„gN of points in fl such that xi^n — ^ +oo 
and u{xn) — )■ M as n — )■ +oo. 

Assume first, up to extraction of a subsequence, that the sequence {xN,n)nm converges 
to a, nonnegative, real number xat^oo as n — )• +oo. From standard elliptic estimates, the 
functions 

Unix) = u{Xi + Xi,„, x' + X^, Xn) 

converge in Ci^^(R^^^ x M_,_) for all (3 G [0, 1), up to extraction of another subsequence, to 
a bounded nonnegative solution Uoo of the problem (I2.19p in the half-space M^~^ x [0, +cxd), 
such that 

Uoo{0,0,Xn,oo) = M = sup Uoo > 0. 

R^-ix[0,+oo) 

It follows from Theorem 12.21 that Uoo{x) = Vz{xn) is a one-dimensional increasing solu- 
tion of (II. 9p . whence z = M. But since Vm is (strictly) increasing, it cannot reach its 
maximum M at the finite point xn,oo- This case is then impossible. 

Therefore, one can assume without loss of generality that xjv^„ — ?■ +oo as n — t- +oo. 
From standard elliptic estimates, the functions 

Un{x) = U{X + Xn) 

converge in C;jf(]R^) for all j3 G [0,1), up to extraction of another subsequence, to a 
bounded nonegative solution Uoo of the problem (12.180 in M^, such that 

^ioo(O) = M = sup Moo > 0. 

Theorem 12.11 implies that Moo = M in M^, whence f{M) = 0. Furthermore, since the 
limit M is unique, the convergence of the functions Un to the constant M holds for the 
whole sequence. 

Now, in order to complete the proof of Theorem 11.21 we shall make use of the following 
lemma of independent interest: 

9 



Lemma 2.3 Let g : M_|_ -^ M. be a locally Lipschitz- continuous nonnegative function. 
Then, for each z > such that g{z) = and for each e G (0, z], there exist R' = R'g;^^^ > 
and a classical solution v of 



Av + g{v) = zn B{0,R') 



< V < z mB{0,R'), 

V = ondB{0,R'), ^^-^^^ 

v{0) = max V > z — e. 

B{Q,R') 

The proof of this lemma is postponed at the end of this section. Let us now finish 
the proof of Theorem II .21 Fix an arbitrary e in (0,M]. Let R'{e) = R'f m e ^® ^^ ^^ 
Lemma 12.31 and let f be a solution of f l2.22p with g = f and z = M. Since the functions 
Un{x) = u{x + Xn) couvcrge locally uniformly in M^ to the constant M and since 

max V < M, 



B{0,R'(e)) 



there exists uq eN large enough so that B{xno, -^'(^)) ^ ^ ^^'^ 



v{x — Xno) < u{x) for all x G B{xno, -^'(^))- (2.23) 

But since v solves the same elliptic equation as u, the same sliding method as in Theo- 
rem [TTT] implies that 

u > v{0) >M-e in [R'{e), +cx)) x M^^^ ^ \R'{e), +cx)). (2.24) 

Lastly, choose any sequence {xi^n)n&i converging to +oo, and any sequence {x'^)n&i 
in M^^^. Up to extraction of a subsequence, the functions 



Un{x) = u{xi + Xi,„, x' + X^, Xn) 



y2,l3fraN-l 



oo 



converge in Ci^^{W x M+) for all /3 G [0,1) to a bounded nonnegative solution u 
of problem (I2.19P in the half-space M^^^ x M+. The function Uoo satisfies Uoo < M in 
R^-^ X M+ by definition of M, while 

lim inf u^ > M 



A^+oo RJV-ix[A,+oo) 



oo 



because e > in (I2.24p can be arbitrarily small. Theorem 12.21 and the above estimates 
imply that 

Uooix) = VMixN) for all x G M^~^ x M+. 

Since this limit does not depend on any subsequence, and due to 02.2ip . (I2.24p and standard 
elliptic estimates, it follows in particular that 

u{xi + h, x, Xn) -^ Vm{xn) in Cf''^([^, +oo) x R^~^ x M+) as h ^ +oo, 

for all A G M and /3 G [0, 1). The proof of Theorem 11.21 is thereby complete. D 
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Remark 2.4 Instead of Theorem 12 ■![ if / is just assumed to be nonnegative and locally 
Lipschitz-continuous on IR+ and if u^o is a solution of ( 12.1 8p which reaches its maximum 
and is such that /(max^Ar -Uoo) = (as in some assumptions of [HE]), then Uoo is constant, 
from the strong maximum principle. Therefore, it follows from similar arguments as in 
the above proof that if, instead of (11. 7p in Theorem II. 2[ the function / is just assumed to 
be nonnegative, locally Lipschitz-continuous and positive almost everywhere on M+ and 
if u is a bounded nonnegative solution of (II. ip such that f{M) = 0, where M is defined 
by (Enj, then either M = and u{xi + H^x'^xn) ^ in C^{[A, +oo) x R^'^ x M+) as 
h — )■ +CXD for all A G M, or the conclusion (ll.lOp holds with z = M. 

Proof of Lemma 12.31 The proof uses classical variational arguments, which we sketch 
here for the sake of completeness (see also e.g. (TJ [13] for applications of this method). 
Let g and z be as in Lemma 12.31 and let g be the function defined in M by 




The function g is nonnegative, bounded and Lipschitz-continuous on M. Set 

G{s) = I g{T) dT>0 

for all s G M. The function G is nonnegative and Lipschitz-continuous on M. 
Let r be any positive real number. Define 

Ir{v) = \l \Vv\'+f G{V) 

for all V G Hl{B{Q,r)). The functional Ir is well-defined in ifo(i?(0,r)) and it is coercive, 
from Poincare's inequality and the nonnegativity of G. From Rellich's and Lebesgue's 
theorems, the functional Ir has a minimum Vr in Hq{B{0, r)). The function Vr is a weak and 
hence, from the elliptic regularity theory, a classical C^{B{0, r)) solution of the equation 




Oin 5(0, r), 
on 95(0, r). 



Since g > Oon (— oo, 0], it follows from the strong maximum principle that f ^ > in 5(0, r). 
Furthermore, either Vr = in 5(0, r), or Vr > in 5(0, r). Similarly, since g = 
on [z,+oo), one gets that f ^ < -2 in 5(0, r). Consequently, g{vr) = givr) in 5(0, r). It 
also follows from the method of moving planes and Gidas, Ni and Nirenberg [16] that Vr 
is radially symmetric and decreasing with respect to |x| (provided that u^ ^ in 5(0, r)). 
In all cases, there holds 

< fr(0) = max Vr < z. 

B{0,r) 
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In order to complete the proof of Lemma 12.31 it is sufficient to prove that, given e 
in (0,2;], there exists r > such that fr(0) > z — e. Let e G (0,2;] and assume 
that max-gTp^fr = ^,.(0) < z — e for all r > 0. Observe that the function G is non- 
increasing in M, and actually decreasing and positive on the interval [0,2;), from (11. 7p . 
Therefore, 

Irivr) > dN r^ G{z - s) (2.25) 

for all r > 0, where aj^ > denotes the Lebesgue measure of the unit euclidean ball in M^. 
For r > 1, let Wr be the test function defined in 5(0, r) by 

\ z if |x| < r — 1, 

I z [r — \x\) it r — 1 < |x| < r. 

This function Wr belongs to HQ{B{0,r)) and iVti^rP and G{wr) are supported on the 
shell B{0,r)\B{0,r — 1). Thus, there exists a constant C independent of r such that 

/rK) <C(r"-(r-l)") (2.26) 

for all r > 1. But since Irivr) < Ir{wr), by definition of Vr, and since G{z — e) > 0, 
inequalities ( I2.25P and (12.26^ lead to a contradiction as r — t- +oo. Therefore, there exists 
a radius R' > such that f_R'(0) > z — e, and vr' solves (12.221) . The proof of Lemma [2.31 
is now complete. D 

2.2 Problem ( ITTB in the half-space Q' = (0, +oo) x M^ ^ 

Let us now turn to problem (II. lip set in the half-space Q' = (0, +oo) x M^^^. This section 
is devoted to the proof of Theorems 11.31 and II. 4[ 

Proof of Theorem 11.31 Assume here that / satisfies (II. 7p . First of all, as in Step 1 of 
the proof of Theorem 11.11 there exist e > and R> such that 

u>e in [R, +cx)) x R^~\ (2.27) 

Call 

M = lim sup u. 

We shall now prove that the conclusion of Theorem 11.31 holds with z = M. Choose a 
sequence {xn)neN = {xi^n, ■ ■ ■ ,xiy^n)n€N in ^' such that Xi^n -^ +00 and u(x„) — )■ M as 
n — )■ +00. As in the proof of Theorem 11.21 it follows from Theorem 12. II that the functions 

Un{x) = U{X + Xn) 

converge in Cfjf (R^) for all (3 G [0, 1) to the constant M, whence /(M) = 0. 

Then, for any e G (0, M], let R'{e) = R'f^M,e ^^ ^^ i^ Lemma I2l3] and let f be a solution 
of (I2.22P with g = f and z = M. As in the proof of Theorem 11.21 there exists no G N large 
enough so that B{xno,R'{£)) ^ ^' ^^^ (I2.23P holds. The sliding method yields 



u > v{0) >M-e in [R\e), +oo) x 
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Since e > is arbitrarily small, the definition of M implies that, for all A G R, 

u{xi + h,X2, ■ ■ ■ , xj\f) — )■ M as /i — !■ +00 

uniformly with respect to (xi, X2, . . . , x^) G [A, +00) x M^"-"^. The convergence also holds 
in C^'^([y4, +cxd) X M^^^) for all /3 G [0, 1) from standard elliptic estimates. The proof of 
Theorem 11.31 is thereby complete. D 

In the case when / satisfies fll.3p and fll.l3p . the conclusion is similar to that of The- 
orem [T31 as the following proof of Theorem 1 1.41 will show. As a matter of fact, it is also 
based on a Liouville type result for the bounded nonnegative solutions of (I2.18p . which is 
the counterpart of Theorem 12.11 under assumptions fll.3p and fll.l3p . 

Theorem 2.5 Let N be any integer such that N > 1 and assume that the function f 
satisfies f I i . gp and {\1.13\) . Then any bounded nonnegative solution u of (\2.1^ is constant. 

The proof is postponed in Section [3] and we now complete the 

Proof of Theorem II. 4i First of all, as in Step 1 of Theorem II. H there exist e > and 
R>Q such that ^TM holds. Call now 

m = lim inf u. 

One has m G [e, +00). Let {xn)nen = (a^i,n, • • • ,XN,n)n€N be a sequence in Q' such that 
Xi,n —^ +00 and u{xn) — )■ m as n — )• +00. Up to extraction of a subsequence, the functions 

w„(a;) = u{x + Xn) 

converge in Ci£(R^) for all /3 G [0, 1) to a classical bounded solution Uoo of (12.180 such 

that Moo > wi > in M^ and Moo(O) = m. Theorem 12.51 then implies that Uoo is constant 

in M.^ , wence it is identically equal to m and f{m) = 0. 

Call now 

M' = sup u 
n' 

and let g : [0, +00) — )■ R be the function defined by 

J -/(M' + 1 - s) if < s < M' + 1 - m, 
^^^^ ~ [0 if s > M' + 1 - m. 

The function g is Lipschitz-continuous and nonnegative. The real number 

z = M' + l-m 

is positive and fulfills g{z) = f{m) = 0. Choose any e in {0,z]. From Lemma [2. 3 j there 
exist R' > and a classical solution v of fl2.22p in B{0, R'), that is 



Av + g{v) = in 5(0,/?') 



< V < z in B{0,R'), 

V = OondB{0,R') 
v{0) = max V > z — e. 



B{0,R') 
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The function V = M' + 1 — f then satisfies 



AV + f{V) = OmB{0,R'), 



m < V < M' + l mB{0,R'), 

V = M' + londB{0,R'), 
V{0) = min V < m + e. 

B(0,R') 

Since Un{x) = u{x + Xn) — )■ Ucoix) = m as n — 7- +cxd in C^jf (R^) for all /3 G [0, 1), it follows 
that there exists no G N large enough so that B{xno,R') '^ ^' ^^^ 



V{x — Xno) > u{x) for all x G B{xno, ^')- 

Since V = sup^/ u+1 > supj^/ u on dB{0, R'), it follows from the elliptic maximum principle 
and the sliding method that 

u{x) < V{0) <m + e for all x G [R', +cx)) x R^-\ 

Owing to the definition of m, one concludes that, for all A G M, 

u{xi + h,X2, ■ ■ ■ , xn) -^ rn as /i — )■ +oo 

uniformly with respect to (xi, X2, ■ ■ ■ , xn) G [A, +oo) x M^~^ and the convergence holds 
in C^ {[A, +cxd) X M^~^) for all /3 G [0, 1) from standard elliptic estimates. The proof of 
Theorem II .41 is thereby complete. D 

3 Classification results in the whole space M^ or in the 
half-space M^~^ x (0, +00) with Dirichlet boundary 
conditions 

This section is devoted to the proof of the Liouville type results for the bounded nonnega- 
tive solutions u of problems f l2.18p or f l2.19p . Theorems 12.21 and 12.51 are actually corollaries 
of Theorem 12. 1[ We then begin with the proof of the latter. 

Proof of Theorem 12.11 Let m be a bounded nonnegative solution of ( 12.18^ under as- 
sumption (11. 7p . Denote 

m = inf u > 0. 

Since f{m) > 0, the constant tti is a subsolution for (12.180 . It follows from the strong 
elliptic maximum principle that either u = m in M^, or u > m in M^. 

Let us prove that the second case, that is u > m, is impossible. That will give the 
desired conclusion. Assume that m > m in M^ and let us get a contradiction. Let us first 
check that 

/(m) = 0. (3.28) 
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This could be done by considering a sequence along which u converges to its minimum; 
after changing the origin, the limiting function would be identically equal to m from the 
strong maximum principle, which would yield fl3.28p . Let us choose an alternate elementary 
parabolic argument. Assume that f{m) > and let ^ : [0, T) — )■ M be the maximal solution 
of 

' at) = fim) foralHe[0,T), 
^(0) = m. 

The maximal existence time T satisfies < T < +oo (and T = +oo if / is globally 
Lipschitz-continuous). Since ^(0) < u in M^, it follows from the parabolic maximum 
principle for the equation Vt = Av + f{v), satisfied by both C, and u in [0,T) x M^, that 

^(t) < u{x) for all x G M^ and t G [0,T). 

But ^'(0) = /(^(O)) = /(m) > 0. Hence, there exists r G (0,T) such that ^(r) > m, 
whence u{x) > ^(r) > m for all x G M^, which contradicts the definition of m. 

Therefore, (13.281) holds. Now, as in the proof of Theorem II. ![ because of property (I1.7P 
at z = m, there exist R > and e > such that 

A(m + e ipn) + /(m + e ipn) > in S(0, R) 



and m + e ipn < m in -6(0, R), where ipR solving (I2.14p is the principal eigenfunction of the 
Dirichlet-Laplace operator in -8(0, R). Since m + e ip^ = m on dB{0, R) and m > m in R^, 
the same sliding method as in the proof of Theorem 11.11 implies that 



m + e (Pr{x — y) < u{x) for all x G B{y, R) 

and for all y G M^. Therefore, u > m,+e fR{0) > m in R^, which contradicts the definition 
of m,. 

As a conclusion, the assumption m > m is impossible and, as already emphasized, the 
proof of Theorem 12.11 is thereby complete. D 

The proof of Theorem 12.21 also uses the sliding method and Theorem 12.11 combined 
with limiting arguments as Xn — > +oo and comparison with non-small subsolutions. 

Proof of Theorem l2.2i Let u be a bounded nonnegative solution of (I2.19P under assump- 
tion ( 11. 7p . Since /(O) > 0, it follows from the strong maximum principle that either u = 
in R^~^ X R+, or M > in R^^^ x (0, +oo). Let us then consider the second case. 
Since /(O) > 0, it follows from Corollary 1.3 of Berestycki, Caffarelli and Nirenberg [6] 
that u is increasing in xn- Denote 

M = sup u. 

IR^-ix[0,+oo) 

There exists a sequence (x„)„6n = (a^i.n, • • • , XN,n)nen in R^~^ x R+ such that XN,n — ^ +oo 
and u{xn) — )■ M as n — )■ -|-cxd. From standard elliptic estimates, the functions 

Un{x) = U{x + Xn), 
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which satisfy the same equation as m, converge in C;jf(R^) for all /3 G [0,1), up to 
extraction of a subsequence, to a solution u^o of fl2.18p such that Moo(O) = M. Theorem 12. II 
implies that 

Moo = M in K^, 

whence f{M) = 0. It follows then from Berestycki, Caffarelli and Nirenberg |4j (see also 
Theorem 1.4 in [6]) that u depends on xn only. In other words, the function u{x) is equal 
to Vm{xn), which completes the proof of Theorem 12.21 D 

Let us complete this section with the 

Proof of Theorem 12.51 Assume that the function / satisfies ( II. 3p and (I1.13P and let u be 
a bounded nonnegative solution of fl2.18p . As already underlined, it first follows from the 
strong maximum principle that either u = in M^, or m > in M^. Let us then consider 
the second case. As in Step 1 of the proof of Theorem 1 1 . 1 1 and applying the sliding method, 
one gets that 

m = inf u > 0. 

Let (xn)nm be a sequence in M^ such that m(x„) — )■ m as n — > +oo. Up to extraction of 
a subsequence, the functions 

Un{x) = u{x + Xn) 

converge in C^^f (M^) for all /S G [0, 1) to a classical bounded solution Uoo of fl2.18p in M^ 
such that Moo > m in M^ and Moo(O) = m. Hence, 

/(m) < 0, 

whence m > fi from fll.Sp and since m > 0. 
Call now 

M = sup u. 

R^ 

li M = m, then u is constant, which is the desired result. Assume now that M > m. The 
function 

V = M -u 

is a nonnegative bounded solution of 

Av + g{v) = in M^, 

where the function g : [0, +oo) — )■ M is defined by 

(-f{M-s) iiO<s<M-m, 
I —f{m) ii s > M — m. 

Because of fll.3p and f ll.l3p . the function g is Lipschitz-continuous and fulfills property fll.7p . 
Theorem 12.11 applied to g and v implies that the function v is actually constant. Hence, u 
is also constant, which actually shows that the assumption M > m is impossible. As a 
conclusion, M = m and u is then constant. D 
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4 The dynamical systems' approach 

The goal of this section is to apply the dynamical systems' (shortly DS) approach to 
study the symmetrization and stabilization (as Xi — )• +00) properties of the nonnegative 
solutions (11.11) in 

n = (0, +00) X M^-2 X ^Q^ ^^) 

and (ILTT]) in 

n' = (0,+cx)) xR^-^ 

To this end we apply as aforementioned the DS approach. One of the main difficulties which 
arises in the dynamical study of (II. ip in Q or (II. lip in Q' is the fact that the corresponding 
Cauchy problem is not well posed for (11.11) in ^2 and for (11.111) in Q', and consequently 
the straightforward interpretation of (II. ip and (11.110 as an evolution equation leads to 
semigroups of multivalued maps even in the case of cylindrical domains, see [2]. The usage 
of multivalued maps can be overcome using the so-called trajectory dynamical approach 
(see [31E1IIZ] and the references therein). Under this approach, one fixes a signed direction / 
in R^, which will play role of time. Then the space K~^ of all bounded nonnegative classical 
solutions of (II. ip in Q or (II. lip in Q' (in the sense described in Section [1]) is considered 
as a trajectory phase space for the semi-fiow (TlJheM.+ of translations along the direction / 
defined via 

{tIu) (x) = u{x + hf), heR+, uE K+. (4.29) 

In order the trajectory dynamical system (T^, K^^ to be well defined, one needs the 

domains Vt and Vt' to be invariant with respect to positive translations along the / directions, 
that is 

Tlin) C n (resp. r[(fi') C n'), tI{x) ■.= x + hi, (4.30) 

for all /i > 0. In our case, the xi-axis will play the role of time, that is / = (1,0,... 0, 0). 
For the sake of simplicity of the notation, we then set 

To apply the DS approach for our purposes, we apply the following Lemma 14.11 (see 
below), which also has an independent interest. For that purpose, let us introduce a few 
more notations. For any locally Lipschitz-continuous function / from R_|_ to R, such that 
/(O) > 0, let Zf be defined by 

Zf = {^0 e R+ I /(zo) = and F{z) < F{zo) for z G [0, Zq)}, (4.31) 

where 

F{z) = r f{a)da. 
Jo 

The set Zf is then a subset of the set E of zeroes of /, defined in (11.80 . Lastly, by Rj we 

denote the set of all bounded, nonnegative solutions V G C^(R+) of 

V'iO + fiViO) = for all e > 0, 

V{0) = 0, V >0, y is bounded. ^ ' ^ 
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Lemma 4.1 Let f be a locally Lip schitz- continuous function from M_(_ to M, such that 
/(O) > 0. Then the set Rf is homeomorphic to Zf and as a consequence is totally discon- 
nected. 

Proof. Since /(O) > 0, it follows from elementary arguments that every nonnegative 
bounded solution of f l4.32p is monotonically nondecreasing, that is V{C,i) > V{C,2) if ^i > ^2- 
Consequently, the following limit 

zo = zoiV) = lim V{0 (4.33) 

|-i-+oo 

exists and necessarily f{zo) = and < V{z) < zq. Moreover, it is well known that either 
V{0 = for all e > 0, or V'{0 > for all ^ > 0. 

Multiplying equation f l4.32p by V and integrating over [0, C,] we obtain the explicit 
expression for the derivative V'{C,)'- 

V'i^f = -2F{V{0) + V'{Of for all ^ > 0. (4.34) 

Passing to the limit ^ — t- +oo in f l4.34p and taking into account fl4.33p . it follows that 
V'{Oy = 2F{zo), whence F{zo) > 0. Therefore we obtain the following equation for V{C,): 

V'iO' = 2(i^(^o) - F{V{0)) for all ^ > 0. (4.35) 

Assume now that F{zq) > 0, whence Zq > and then \^' > in M+. Then the 
solution V^o of dOSD that satisfies (H:33|) and ( lOSj) exists if and only if F{zo) - F{z) > 
for every z G [0,zo)- Moreover, such a solution is unique because Vzq satisfies f l4.32p with 
the initial conditions 

v.oio) = 0, v;;(o) = V2fu). (4.36) 

If Zq = 0, then V'{0) = and V{0 = for all ^ G M+, whence /(O) = 0. In this case, we 
define I/q = in M+. 

Next we show that Zf defined by ( ]4.3ip is totally disconnected in M. Indeed, otherwise 
it should contain a segment [a,b] with < a < 6. Then, f{zo) = for zq G [a,b] and 
consequently F{zo) = F{b) for every zq G [a, 6], which evidently leads to a contradiction. 

To prove the disconnectedness of the set Rf it is then sufficent to show that there exists 
a homeomorphism 

r:(Z^,M)^(i?;,CL(K+)). 

To do so, observe that fl4.36p defines a homeomorphism between Zf and the set 

i?;(o) = {(o,no)) \VeRf] 

of values at ^ = of the functions from Rf. Recall that Rf consists of the solutions of 
the second order ODE fl4.32p and, consequently, thanks to the classical Cauchy-Lipschitz 
theorem on continuous dependence of solutions of ODE's, the set Rf is homeomorphic 
to Rf{0) and this homeomorphism is given hj V ^-^ (0, V'{0)). As a conclusion, the set Rf 
is totally disconnected. D 

18 



Remark 4.2 Note that, although for generic functions /'s the set Zj = Rf is finite, this 
set may be even uncountable for some very special choices of nonlinearities /. One of the 
simplest examples of such a function / is the following one: 

f{z):=dist{z,C) (4.37) 

for all z G M+, where C is a standard Cantor set on [0, 1] and dist{z,C) means a distance 
from z to C. Indeed, it is easy to verify that for this case Zf = C and consequently Rf 
consists of a continuum of elements. 

Below we state the main results of this Section |U that is Theorems I4.3ti4.6[ which are 
obtained by the dynamical systems' approach. To this end we define a class of functions K^ 
to which the solutions of f ll.ip as well as f ll.lip belong to. Namely, a bounded nonnegative 
solution of f ll.ip (resp. (II. lip ) is understood to be a solution u of class C^(fi) (resp. C^{Q')) 
and continuous on f2 \ {OjxM^^^xjO} (resp. on Q'). The set K~^ is endowed with the local 
topology according to the embedding oi K^ in Qjf (r2\{xi = 0}) (resp. C^jf (fi'\{xi = 0})) 
for all P G [0, 1). Actually, as already emphasized in Section [H all solutions u G K~^ are 
automatically in Cl'^{[e,+oo) x R^-^ x [0,+oo)) (resp. ^^^'^([£,+00) x M^-^)) for all 
/3 G [0, 1) and for all e > 0, where we refer to (ll.2p for the definition of the sets C^ {F). 

The first two theorems are concerned with the case of functions / fulfilling the condi- 
tion flO]) . 

Theorem 4.3 Let N he any integer such that N > 2 and let f be a locally Lipschitz- 
continuous function from R_(_ to M, satisfying (\ 1.3^ . Then the trajectory dynamical sys- 
tem {Th, K^) associated to (\ 1 . 1\\ possesses a global attractor Atr in K^ which is bounded 
in C^ {Vl) and then compact in Ci^^{VL) for all (3 G [0, 1). Moreover Atr has the following 
structure ^ 

where Vt = M.^, K^(yij is the set of all bounded nonnegative solutions of{ \2.19^ inVt = M^, 
and IIq denotes the restriction to VL. Hence, 

Atr C {x I-)- 0, X H- V{xn)] 

and Atr = {x 1— t- V{x]^)} if f{0) > 0, where V is the unique solution of (|i.-^p. Lastly, for 



any bounded nonnegative solution u of (IJ.jp in Vt, the functions T^u converge as h ^ +00 
in CiJ^{Vi) for all j3 G [0,1) either to or to x t—^ V{x]\[), and they do converge to the 
function x H- V{xj\f) if fifS) > 0. 

The next theorem deals with the analysis of the asymptotic behavior as xi — > +00 of 
the nonnegative bounded classical solutions u G K^ of equation 01. lip in the half-space 
n' = (0, +CX)) X R^~\ For any M > 0, we define 

K+=K+ n {0<M<M}. 
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Theorem 4.4 Let N be any integer such that N > 2 and assume that, in addition to i \1.3^ . 
the given locally Lip schitz- continuous function f from R+ to M satisfies {\1.13^ . Then, for 
every M > ji, the trajectory dynamical system (Th, L^m) associated to < \1.11\\ possesses 
a global attractor Atr, which is bounded in (7^,(^2') and then compact m C^^f (fi') for all 
(3 G [0, 1), and satisfies 

Atr = UjyK^{n') (4.38) 

where Q' = R^ , K+{n') = K+{n') n {O < u < M] , K+{n') is the set of all bounded 
nonnegative solutions of ( \2.1^ in Vt' = M^, and Ujy denotes the restriction to Q' . Hence, 

Atr = {ze[0,M] I f{z) = 0}=En[0,M]. 

Lastly, for any bounded nonnegative solution u of (\1.1 1\\ in Vt' such that < u < M , the 
functions T^u converge as h ^ +oo in C^jf (^2') for all /3 G [0, 1) to some z G E f] [0, M] 
which is uniquely defined by u. 

The next two theorems, which are concerned with the case of functions / fulfilhng the 
condition (11. 7p . are based on the new LiouviUe type Theorems 12.11 and 12.21 which were 
aheady stated in Section [2j 

Theorem 4.5 Let N be any integer such that N > 2, let f be any locally Lipschitz- 
continuous function from M+ to M satisfying [LI] and assume that, for problem ( IJ. jp in 



the quarter-space Vt, the set K^ is not empty. Then, for every sufficiently large M > 0, the 
trajectory dynamical system (T^, L{^) associated to (\l.l\i possesses a global attractor Atr, 
which is bounded in C^^ (il) and then compact in C^jf (fi) for all f3 G [0, 1) and has the 
following structure 

Atr = Ilj^K+{n) (4.39) 

where K+{U) = K+{n) n {O < u < M} . Hence, 

Atr = {x^ V,{xn) I z G [0,M], f{z) = 0}. 

Lastly, for any bounded nonnegative solution u of ( \1.1^ in Vt such that < m < M , 
the functions T^u converge as h -^ +oo in Ci^^{Vl) for all /3 G [0, 1) to some function 
X H- Vz{x]^), where z ^ E r\[0, M] is uniquely defined by u and E denotes the set of zeroes 
of the function f . 

Analogously to Theorem 14.41 we have the following Theorem 14.61 in the case of the 
half-space Vt' = (0, +oo) x R^-^. 

Theorem 4.6 Let N be any integer such that N > 2, let f be any locally Lipschitz- 
continuous function from M+ to R satisfying ( |j.7[ ), and assume that, for problem (\1.1 ip 



in the half-space Vl' , the set K^ is not empty. Then, for every sufficiently large M > 0, 
the trajectory dynamical system (Th, Km) associated to (\1.1 l\i possesses a global attrac- 
tor Atr, which is bounded in Cj, (f2') and then compact in C^jf (fi') for all /3 G [0, 1), and 
satisfies l \4-38^ ■ Lastly, for any bounded nonnegative solution u of (IJ. J jp in Vt' such that 



< M < M , the functions ThU converge as h ^ +oo in CiJ^{VL') for all (3 G [0, 1) to some 
z E E r\[0, M] which is uniquely defined by u. 
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In what follows we prove Theorem 14.31 A proof of Theorems I4.4ti4.6l can be done in the 
same manner as in Theorem 14.31 with some minor modifications (see also Remark 14. 8p . In 
particular, in Theorems 14.51 and 14. 6 [ one can take M as any nonnegative real number such 
that M > \\U\\oo, where U is any element in K~^. We leave the details to the reader. 

Proof of Theorem 14.31 Let K^ be the set of all bounded nonnegative solutions of (11. ip 
in Q. Due to the assumptions (II. 3p . the set K~^ is not empty (the function x i-)- V{xn), 
where V is the unique solution of (II. 4p . belongs to K~^) and due to the translation in- 
variance of (II. ip . it follows that T^ : K^ — )■ K~^ is well defined for all h > 0, where 
(Thu){xi,x',XN) := u{xi + h,x',XN)- 

To show that {Th, K^) possesses a global attractor, it suffices to show (see [2] and the 
references therein) that 

• for any fixed /i > 0, T/j is a continuous map in K^ (we recall that K^ is endowed 
with local topology according to the embedding of K^ in CiJ^{Vl\{xi = 0})) for all 
/3g[0,1); 

• the semi-fiow {Th)h>o possesses a compact attracting (absorbing) set in C;^f(f2), 
which is even bounded in C^ (fi), for all /3 G [0, 1). 

Note that, the continuity of Th in Ci^^{Vt\{xi = 0}) is obvious, because the shift operator 
is continuous in this topology, as well as its restriction to K~^. As for the existence of 
compact attracting (absorbing) set for the semi-fiow {Th)h>o, it follows from the fact that 
the set of all bounded nonnegative solutions of (I2.19P in Llfi>oT_h{^) = fi = M^ under the 
assumption (ll.3p on / is uniformly bounded. Indeed, as already recalled in Section |2TT] and 
according to a result of |5j, under the assumption (II. 3p . any bounded solution of (I2.19P 
in M^ which is positive in M^~^ x (0, +oo) has one-dimensional symmetry, that is 

u{xi,x',xn) = V{xn) 

where < V^ < yU is the unique solution of (II. 4p . On the other hand, since /(O) > 0, any 
bounded nonnegative solution of (12.190 is either positive in ]R^~^ x (0, +oo), or identically 
in R;^, and it cannot be if /(O) > 0. Thus, the set K~^ (Q^ of all bounded nonnegative 
solutions of (I2.19P in 17 = M^ is bounded in L°°{Q), namely 

sup^ ||m||oo < Ai- 

Then the existence of a compact absorbing set for {Th)h>o in C^^'f (fi), which is even bounded 
in Cf^ (il), for all /5 G [0, 1) is a consequence of the uniform boundedness of all solutions 
of (I2.19P in Jl = M^ and of standard elliptic estimates. Hence the semigroup (Th, K~^) 
possesses a global attractor Atr in K^ which is bounded in (7^(0) and compact in C^jf (fi) 
for all /3g [0,1). 

To prove the convergence part of Theorem 14.31 as we will see below, it is sufficient to 
show that Atr = ^nK~^{fl). Assuming for a moment that this representation is true, we 
obtain from the previous considerations that 

Atr C {x ^0, X h-^V{xN)}, (4.40) 

21 



and Atr is then equal to the singleton |x h-). V{xiy)^ if /(O) > 0. Hence, for any bounded 
nonnegative solution u of fll.ll) . since {ThU,h > l} is bounded in C^ {Vt) and compact 
in Ci^^{Vt) for all /3 G [0, 1), the cu-limit set u{u) of m is not empty and it is an invariant 
and connected subset of Atr- Since Atr is totally disconnected jj it follows that either 
uj{u) = {x I— )■ O} or uj{u) = {x I— )■ V{xn)^, the latter being necessarily true if /(O) > 0. 

To complete the proof of Theorem 14.31 it remains to show that Atr = ^n^^i^)- First 
we prove that 11^^ G Atr for any bounded nonnegative solution u of f l2.19p in fi = M;^, 
that is M G K^iVt). Indeed, for such a ft, the family iJlYi(T^hU))h>o is uniformly bounded 
in C^ (fi) and compact in CiJ^{Vi) for all /3 G [0,1) and, according to definition of the 
attractor, there holds 

Thli-^iT^hu) — )■ Atr in Cff^iVt) as h ^ +oo, 

for all (3 G [0, 1). On the other hand, ThIl-^{T_hu) = n^u. Hence HqU G Atr- 

Next we prove the reverse inclusion. To this end, let us recall that [Th, K^) possesses an 
absorbing set which is bounded in C^ (fi) and then compact in C^jf (i7) for all /3 G [0, 1), 
say B* C K^ , and, as a consequence. 



Atr = W(B*) = fl 



h>0 



[JTJ 

.s>h 



where [ ] means the closure in C^jf (fi) (see ^ E] and the references therein). Let now 
u G Atr- The property Atr = w(IB^,) implies that there exist an increasing sequence 
{hk)km — ^ +00 and a sequence of solutions {uk)km in B*, such that 



u = lim Th^^Uk (4.41) 



in Cj^f (fi) for all j3 G [0, 1). Note that the solution T^^Uk is defined not only in f2, but also 
in the domain (— /i^, +c>o) x IR^"^ x R_,_, and that 

sup \\ThM\cl'^[-H-^e,oo)-^R^-^-^R+) < +^ (4-42) 

for all e > and (3 G [0, 1), from standard elhptic estimates. Consequently, for every /cq G N 
and l3 G [0, 1), the sequence {Th^Uk)k>ko is precompact in C^^^ ([— /i^q, oo) x ]R^~^ x M+). 
Taking a subsequence, if necessary, and using Cantor's diagonal procedure and the fact 
hk — )■ oo, we can say that this sequence converges to u G C;jf(M^) in the spaces 
Cff^ {[-hk^, oo) X M^-2 X M+) for every fco G N and for every (3 G [0,1). Then (K^ 
implies that u G C^^ iW^) for every (3 G [0, 1). Lastly, the functions T^^Uk are nonnegative 
solutions of (II. ip in {—hk, +oo) x R^~^ x IR+ and by letting k — )■ +oo, we easily obtain 
that M is a bounded nonnegative solution of (I2.19P in ^2 = M.^. Finally, formula (I4.4ip 
implies that 



^This property is obvious here due to (|4.40p . See Remark 14.81 for a comment about the other situations, 
corresponding to Theorems 14. 4[ 14.51 and 14.61 
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Thus u G Yi-Q^K'^iyL) and the representation formula Atr = Il-[iK^[Q) is proved. The proof 
of Theorem 14.31 is thereby complete. D 

Remark 4.7 As far as Theorems II. II and II. 21 on the one hand, and Theorems 14.31 and 14.51 
on the other hand, are concerned, we especially emphasize that the DS approach simplified 
in a very elegant way most of the computations regarding the asymptotic behavior of the 
solutions of (11. ip as xi — )■ +oo. However, the DS approach and Theorem 14.31 (resp. Theo- 
rem S2]) do not provide as in PDE approach the fact that only the limiting profile V{xn) 
(resp. Vz{xn) for some z G -E\{0}) is selected, even if /(O) = 0, as soon as Uq ^ 
on {0} X M^^^ X (0, +oo). In the PDE proof of Theorems II. II and II. 2[ it is indeed shown 
that the condition uq ^ implies that u is separated from for large enough xi and xn- 
This property is not shown in the DS proof of Theorems 14.31 and 14.51 Similar comments 
also hold for Theorems II. 3[ [TT^ 14. 41 and 14. 6[ where the PDE proof provides the convergence 
to a non-zero zero of /, what the DS proof does not. Lastly, in some of the results obtained 
through the PDE approach, the convergence of the solutions as xi — )■ +oo is proved to be 
uniform with respect to the variables {x',xn), while the DS approach only provides local 
convergence, due to the necessity of using the local topology to get the existence of a global 
attractor. 

Remark 4.8 In Theorem 14.51 (resp. Theorem 14. 6p under assumption (II. 7p . the phase 
space K^j, which is invariant under the semigroup T^, is not empty for any sufficiently 
large M, because K~^ is assumed to be not empty. Then, in the same manner as in the 
proof of Theorem 14. 3[ using both the representation formula At,. = Il-^K^j{Q) (resp. At^ = 
HorK^iW^)), the Liouville theorems of Section |2] and Lemma [4. II one obtains the desired 
conclusions. In particular, for Theorem 14.51 (resp. Theorem 14. 6p about problem (II. ip 
in Q (resp. (II. lip in Q'), the total disconnectedness of Atr follows from the representation 
formula (I4.39P (resp. (I4.38P ). from Theorem 12.21 (resp. Theorem 12. ID and from Lemma HTT] 
with, here, Zj = E (resp. condition (ll.7p again). Note that for Theorem 14.41 in the case of 
assumptions (11.30 and (11.130 . the total disconnectedness of A^r follows from Theorem 12.51 
and assumption (I1.13P again. 

Remark 4.9 Note that neither the concrete choice of the domain Q (or Q') nor the con- 
crete choice of the "time" direction xi are essential for the use of the trajectory dynamical 
system' approach. Indeed, let us replace the "time" direction xi by any fixed direction 
/ G M^ and correspondingly Tj^u = u{- + hi) ioi h E M.^ and u G K^. Then the above 
construction seems to be applicable if the domain fl satisfies the following assumptions: 

• TfiQ C Q (this is necessary in order to define the restriction of T^ to the trajectory 
phase space K~^ or Kj^^). 

• Uh>oT_hQ = M^, or R^ (this is required in order to obtain representation formulas of 
the~type Atr = %i\:+(M^) or Atr = %i\:+(M^), with possibly K^j instead of K+). 
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